We prove a general lifting lemma for coarse homotopies with respect to a certain class of bornologous surjective maps. This class is wide enough to include quotients by group actions satisfying a coarse discontinuity condition, which allows us to obtain results concerning the coarse fundamental group of quotients which are analogous to classical topological results for the fundamental group. As an application, we compute the fundamental group of metric cones over compact Riemannian manifolds of non-positive sectional curvature.
Introduction
Coarse versions of homotopy have been around for some time in the coarse geometry literature. For example, the notion of Lipschitz homotopy plays an important role in proving the coarse Baum-Connes Conjecture for certain spaces: for example, simply connected Riemannian manifolds of non-positive sectional curvature in Chapter 9 of [9] and manifolds with "Lipschitz good covers" in [12] . In [3] , there is a suggestion to define the coarse fundemantal group using the upper halfplane, but the coarse fundamental group was only recently formally defined in [7] using ideas from Mitchener's coarse homology theory. Coarse homotopy theory is also being developed by Bunke, Engel and others using the context of ∞-categories [2] .
In this paper, we prove a coarse version of the general lifting lemma for a particular class of surjective bornologous maps. Recall that the general lifting lemma from topology states that given any covering map π ∶ E → B, any homotopy f ∶ X × I → B and any map f 0 ∶ X → E such that the diagram of solid arrows below commutes, there is a liftingf ∶ X × I → E making the diagram commute.
Coarse spaces and coarse homotopies
Although the main applications of coarse geometry are to metric spaces, the abstract notion of coarse space provides a useful generalization of metric spaces for studying large scale properties. The following definitions are from [10] . Definition 2.1. A coarse space is a pair (X, E X ) where X is a set and E X is a family of binary relations on X which contains the diagonal ∆ and which is closed under taking subrelations, inverses, compositions and finite unions.
We will often just write X to represent the coarse space (X, E X ) and refer to the elements of E X as entourages on X. A subset K of X is called bounded if there is some entourage E such that K × K ⊆ E. We will assume throughout this paper that all the coarse spaces we deal with are coarsely connected, i.e. that all finite sets are bounded. Example 2.2. If (X, d) is a metric space, then there is a canonical (coarsely connected) coarse structure on X given by all relations E ⊆ X × X such that sup xEy d(x, y) < ∞.
Unless otherwise states, metric spaces will be assumed to have the structure in Example 2.2 above. where E and F are entourages in X and Y respectively. Given a subset A of a coarse space X, there is a natural coarse structure on A given by restricting all entourages in X to A. For a relation E on a set X and a subset A of X, we write E[A] to mean the subset {x ∈ X ∃ a∈A aEx}. Since any entourage on a coarse space is contained in a symmetric entourage, we will usually assume in proofs that the entourages are all symmetric. The following definition is taken from [7] (see also [2] for a similar definition). Definition 2.5. Let X be a coarse space and p ∶ X → R + be a function. Then the p-cylinder is defined as
with the natural coarse structure inherited from the product X × R.
When the map p is coarse (as it will be when defining coarse homotopies), there are the evident inclusions i 0 ∶ X → I p X and i 1 ∶ X → I p X which send x to (x, 0) and (x, p(x) + 1) respectively.
Definition 2.6. Let X and Y be coarse spaces. Then a coarse homotopy is a coarse map H ∶ I p X → Y for some coarse map p ∶ X → R + . We say that the coarse homotopy H is from f to g if H ○ i 0 = f and H ○ i 1 = g.
For example, recall that two coarse maps f, g ∶ X → Y are called close if {(f (x), g(x)) x ∈ X} is an entourage. It is easy to check that any two close maps from a metric space are coarsely homotopic. We say that a coarse homotopy H ∶ I p X → Y is a coarse homotopy relative to A ⊆ X if H(a, t) = H(a, 0) for all a ∈ A and all 0 ≤ t ≤ p(a) + 1.
Lifting lemma
We want to consider a special class of surjective bornologous maps in order to prove a lifting lemma.
The following definition is based on [4] . 
Note that we do not require soft quotient maps to be coarse, only bornologous.
Example 3.2. Let G be a group acting on a metric space X by isometries, and let X G be the orbit space equipped with the metric
Then the quotient map q ∶ X → X G is a weakly soft quotient map.
We now introduce the following new definition.
Theorem 3.4. Let π ∶ A → B be a soft quotient map with scattered fibres, let f ∶ I p X → B be a coarse homotopy and let f 0 ∶ X → A be a map such that the diagram of solid arrows below commutes. Then there is a coarse homotopyf ∶ I p X → A making the diagram commute.
Moreover, iff andf ′ are two coarse homotopies making the diagram commute, then there is a bounded set K in I p X such thatf IpX∖K =f ′ IpX∖K .
Proof. The coarse structure on I p X is generated by the entouragẽ
We first definef and then prove it is coarse. Since π is a soft quotient map, there is an entouragẽ E on A such that if π(a) is f (D)-related to π(a ′ ) then there is a ′′ ∈ π −1 (a ′ ) such that a and a ′′ arẽ E-related. Fix x ∈ X for now and supposef (x, k) has been defined already for all k ≤ n for some n ∈ Z + , n ≤ p(x), and that π(f (x, k)) = f (x, k) for all k ≤ n. Let 0 ≤ ε ≤ 1. Since π(f (x, n)) is f (F )-related to f (x, n + ε), there must be an a ∈ A which isẼ-related tof (x, n) and whose image under π is f (x, n + ε). Choose any one such a and definef (x, n + ε) = a. This allows us to definẽ f (x, n + ε) for all 0 ≤ ε ≤ 1. By induction and by varying x we can thus definef on all of I p X such that the diagram commutes andf (D) ⊆Ẽ is an entourage.
We now show thatf is bornologous by considering entourages on I p X of the form D × ∆. Let D be an entourage on X, let F = f (D × ∆) and let E be an entourage on A so that if π(a)F π(a ′ ), then there is a ′′ with aEa ′′ and π(a ′ ) = π(a ′′ ). Since π has scattered fibres, we can find a bounded set K in B such that if π(a) = π(a ′ ) and a is (Ẽ ○ E ○Ẽ ○ E)-related to a ′ , then a = a ′ . Suppose now that
n) and f (x ′ , n) are outside K and k ≤ n. Because the control function p used in constructing I p X is coarse, we can choose a bounded set J in X such that f (x, k) is outside K for any x ∈ J and any k. Let x, x ′ be D-related points outside J and let 0 ≤ ε ≤ 1.
while being in the same fibre, so by the condition on J we obtain that a =f (x ′ , n + ε) is E-related tof (x, n + ε). By induction on n one obtains thatf (D × ∆) ⊆ E except for pairs containing points of the form (x, n) for x ∈ J. The image underf of every point in such a pair is contained in
which is a bounded set. It follows thatf (D × ∆) is an entourage as required. Thusf is bornologous and the fact that it is coarse follows from the fact that π ○f = f .
We now prove the uniqueness property. Iff andf ′ are two coarse homotopies making the diagram commute, then choose a bounded set
Coarse fundamental group
If f, g ∶ X → Y are two coarse maps between coarse spaces, then they are coarsely homotopic if there exists a coarse homotopy between them, that is, there is a coarse map
The following definition is from [7] .
Definition 4.1. Let X be a coarse space. Then the 0 th coarse homotopy set, π coarse 0 (X) is the set of all coarse homotopy classes of maps from R + to X.
Note that it was shown in [7] that being coarsely homotopic is an equivalence relation, so that this set is well-defined. The question of whether π coarse 0 (X) is a singleton set is very hard in general. Indeed, whether π coarse 0 (X) = 1 for all one-ended finitely presented groups is a long-standing open problem (see Section 16 of [5] for a treatment).
We now recall the definition of coarse first fundamental group. Given a coarse space X, a R +basepoint is a coarse map b ∶ R + → X. We define c([0, 1]), the metric cone over the interval, to be the subset of R 2 + given by {(x, y) x ≤ y} with the induced metric. Clearly this has the same underlying set and coarse structure as the cylinder I p (R + ) with p(x) = x − 1 and we have the
The group structure is described in [7] and is constructed in an analogous way to the topological situation. Generalizing that construction, given two coarse maps
One easily checks that f * g indeed defines a coarse map. The group structure on π coarse 1 (X, b) is then given by applying * to representatives:
We will be interested in results for general bornologous maps, not just for coarse maps. An obvious obstacle here is that a bornologous map f ∶ X → Y does not in general induce a map on coarse fundamental groups since it may not send coarse homotopies to coarse homotopies. We will thus need a relative version of coarseness. This is just a special case of the notion of coarse map between bornological coarse spaces as introduced in [2], but we will not need the general theory here.
Note that any f -coarse map is necessarily a coarse map. For a bornologous map f ∶ X → Y , there is then a corresponding notion of f -coarse homotopy between two maps g 0 , g 1 ∶ W → X, namely that there is a f -coarse map H ∶ I p W → X such that H ○ i 0 = g 0 and H ○ i 1 = g 1 . 
It is easy to check that the same group operations work for the f -coarse homotopy group. Any bornologous map f ∶ X → Y now induces a group homomorphism
We now use Theorem 3.4 to prove some coarse analogues of topological results about covering maps and fundamental groups. The proofs will be based on the usual proofs of the topological versions, with a little bit of care needed to account for the difference between f -coarse and coarse maps.
Then there is a canonical bijection between the right cosets of π * (π coarse 1,π 
We define a map f * g * from c([0, 1]) to X which follows f and then the reverse of g. That is, we define f * g * as follows:
It is easy to check that if f ○i 1 = g ○i 1 then this is a coarse map. In general, we only have f ○i 1 ∼ g ○i 1 , but this does not affect the coarseness of the map since it only concerns a bounded set. Since it is the concatenation of lifts, the map f * g * represents an element of π coarse 1,π (X, b ′ ) and it is easy to check that π ○ (f * g * ) = (π ○ f ) * (π ○ g * ). We have thus shown that Φ
However, since h is a coarse homotopy from b ′ to itself, we may choose the lift of (π ○ h) * g to be h * g whereg is a lift of g starting at b ′ . Thus we have Φ(g) = Φ((π ○ h) * g) = Φ(f ) as required.
We have shown so far that Φ descends to an injection from cosets of π * (π coarse 1,π (X, b ′ )) in π coarse 1 (Y, b) to ∼-equivalence classes. To show surjectivity, note that by assumption any lift b ′′ of b is connected to b ′ by a f -coarse homotopy H ∶ I p R + → X. By the construction in Lemma 2.6 in [7] , this gives rise to a π-coarse homotopy
In the setting of the Proposition 4.5, if π is actually a coarse map then the π-coarse homotopy groups coincide with the coarse homotopy groups, so we get the following. 
Then there is a canonical bijection between the cosets of π * (π coarse 1 (X, b ′ )) in π coarse 1 (Y, b) and ∼-equivalence classes of liftings b ′ ∶ R + → X of b. In particular, if π coarse 1 (X, b ′ ) is trivial, then there is a canonical (once b ′ has been chosen) bijection between π coarse 1 (Y, b) and ∼-equivalence classes of lifts of b.
Group actions
Let X be a coarse space and let G be a group acting on the underlying set of X. We say that G acts on X uniformly by coarse equivalences if for every entourage E in X, the relation ∪ g∈G g(E) is an entourage, where g(E) is the image of E under the action of g. For example, any action by isometries on a metric space is clearly uniformly by coarse equivalences.
Lemma 5.1. Let G be a group acting on a coarse space X uniformly by coarse equivalences. Let X G be the orbit space, q ∶ X → X G the natural quotient map, and equip X G with the coarse structure q(X ) consisting of all relations q(E) where E is an entourage of X. Then q is a soft quotient map.
Proof. One first has to check that q(X ) is indeed a coarse structure. Clearly q(X ) contains the diagonal and is closed under inverses, taking subrelations and finite unions. Given entourages E and F in X, we may assume that each of them is G-invariant since G acts uniformly by coarse equivalences, i.e. that E = g(E) and F = g(F ) for all g ∈ G. It is easy to check then that q(E ○ F ) = q(E) ○ q(F ), so q(X ) is also closed under composition. Given q(E) ∈ q(X ) and [x] which is q(E)-related to [y], one must have x ′ = gx and y ′ = hy for some g, h ∈ G and x ′ and y ′ elements of X which are E-related. But then
. Thus q is a soft quotient map.
From now on, when we have a group acting on a coarse space X uniformly by coarse equivalences, we will assume that the orbit space X G is equipped with the coarse structure in Lemma 5.1 above.
We are now interested in group actions for which the quotient map q has scattered fibres.
Definition 5.2. Let G be a group acting on (the underlying set of) a coarse space X. We say that G acts uniformly coarsely discontinuously if for every entourage E in X, there is a bounded set K such that if x ∉ ∪ g∈G g(K), then x cannot be E-related to g ⋅ x for any g ∈ G ∖ {e}, where e is the identity element of G.
The term "uniformly coarsely discontinuously"is based on the definition of"coarsely discontinuously" in [6] . For the sake of easy comparison, we recall that definition here in terms of coarse spaces. Definition 5.3. Let X be a coarse space and let G be a group acting on X. We say that the action of G is coarsely discontinuous if for every entourage E and every element g ∈ G ∖ {e}, there is a bounded set K such that for every x ∉ K, we have that x cannot be E-related to g ⋅ x.
Lemma 5.4. Let G be a group acting on a coarse space X uniformly by coarse equivalences. Let X G be the orbit space and q ∶ X → X G the natural quotient map. Suppose further that the action of G is uniformly coarsely discontinuous. Then q has scattered fibres.
We are now ready to prove a result concerning the first coarse fundamental group of X G.
Theorem 5.5. Let G be a group acting on a coarse space X uniformly by coarse equivalences. Let X G be the orbit space and q ∶ X → X G the natural quotient map. Suppose further that the action of G is uniformly coarsely discontinuous. Let b ∶ R + → X G be an R + -basepoint such that for any two lifts b ′ , b ′′ ∶ R + → X, there is a q-coarse homotopy H from b ′ to b ′′ . Then for any lift b ′ of b, we have a canonical short exact sequence
Proof. By Lemmas 5.1 and 5.4, the map q is a soft quotient map with scattered fibres. We may thus apply Proposition 4.5 to conclude that the cosets of q * (π coarse 1,q (X, b ′ )) in π coarse 1 (X G, b) are in bijection with ∼-equivalence classes of lifts of b, with the bijection given by Φ (and with b ′ corresponding under Φ to the identity element). Note that we have a lift g ○ b ′ of b for every g ∈ G.
are not contained in the inverse image of any bounded set in X G under q, which gives a contradiction, since G was assumed to act uniformly discontinuously. On the other hand,
. Thus by the fact that G acts uniformly coarsely discontinuously, we can choose a N > 0 such that g t g −1
We have thus established a bijection between G and ∼-classes of lifts of b. This bijection gives rise to a bijection Ψ from cosets of q * (π coarse 1,q (X, b ′ )) in π coarse 1 (X G, b) to elements of G. The bijection preserves the group structure in the following sense:
It follows that Ψ is a group homomorphism with kernel q * (π coarse 1,q (X, b ′ )). It remains to show that q * is injective. Given a q-coarse homotopy f ∶ c([0, 1]) → X from b ′ to b ′ such that q ○ f is relatively coarsely homotopic via H to the constant homotopy on b, we can lift H to a coarse homotopy H ′ ∶ I p c([0, 1]) → X from f by Theorem 3.4. Now, the maps (x, t) ↦ H((x, 0), t) and (x, t) ↦ H((x, x), t) are each lifts of the constant homotopy on b and thus must be constant in t outside of a bounded set. One can then adjust the values of H on that bounded set to obtain a coarse homotopy from f to H ○ i 1 relative to ∂c([0, 1]). Given that H ○ i 1 is again a lift of the constant homotopy on b, one gets that (after adjusting on a bounded set), H ○ i 1 = b ′ , so that H is a relative q-coarse homotopy from f to the constant homotopy on b ′ as required.
Corollary 5.6. Let G be a group acting on a coarse space X uniformly by coarse equivalences such that for every bounded set K, the set ∪ g∈G g(K) is also bounded. Let X G be the orbit space and q ∶ X → X G the natural quotient map. Suppose further that the action of G is uniformly coarsely discontinuous. Let b ∶ R + → X G be an R + -basepoint such that for any two lifts b ′ , b ′′ ∶ R + → X, there is a coarse homotopy H from b ′ to b ′′ . Then for any lift b ′ of b, we have a canonical short exact sequence
Proof. Easy once we notice that q is coarse.
Notice that the condition K bounded ⇒ ∪ g∈G g(K) bounded from the above corollary is always satisfied if G is finite.
Application to metric cones
We will now use the results in the previous sections to prove some results about metric cones over compact Riemannian manifolds of non-positive sectional curvature. The idea is to write the metric cone over such a manifold as the quotient of the cone over its universal cover by a group action. Given a Riemannian manifold (M, g M ), we define the metric cone OM over M to be M × [1, ∞) with the Riemannian metric t 2 g M + g R . When M is compact, this is known to coincide, up to coarse equivalence, with other common constructions of the metric cone (see e.g. [11] ). The main fact about Riemannian manifolds of non-positive sectional curvature we will need is the following lemma and its corollary. 
Proof. Recall that any complete Riemannian manifolds of non-positive sectional curvature is a CAT(0) space (this is a consequence of the Cartan-Hadamard theorem and a result of Alexandrov; see Theorem 1A.6 and Theorem 4.1 in [1] ). Consider the two geodesic triangles (γ 1 (0), γ 1 (q), γ 2 (q)) and (γ 1 (0), γ 2 (0), γ 2 (q)), and let γ 3 be the geodesic from γ 1 (0) to γ 2 (q ′ ) with length l. Since the space is CAT(0), we have by comparison with Euclidean space:
from which the result follows. Corollary 6.2. Let M be a complete simply connected Riemannian manifold of non-positive sectional curvature and let p ∈ M . For every x, let γ x be the unique unit speed geodesic from x to p.
The following lemma is easy to prove, but is useful to record for later calculations. ((x, t) , (x ′ , t ′ )) = z, then we have the following inequalities.
The following few lemmas are inspired by the proof of Proposition 5.2 in [7] . Proof. We may adjust f to a close map so that f (0, 0) has second coordinate 1. Let A = c([0, 1])∩Z 2 be the set of points in c([0, 1]) with integer coordinates, and let f A be the restriction of f to A.
Notice that since f is coarse, f A is Lipschitz. We now extend f A to a map g over all of c([0, 1]) as follows. First, for (n, k + x) in c([0, 1]) where n, k ∈ Z, and x ∈ [0, 1), define g(n, k + x) to be γ(x ⋅ γ ), where γ is the geodesic from f (n, k) to f (n, k + 1) with length γ . It is easy to check that g is still Lipschitz where it has been defined so far, let L > 1 be a Lipschitz constant for it. Then, for n, k ∈ Z and x, t ∈ [0, 1), let g(n, k + x) = (y, u) and g(min(n + 1, k + x), k + x) = (y ′ , u ′ ) and define g(n + t, k + x) to be (γ(t ⋅ d(y, y ′ )), tu
by Lemma 6.3. Since g was L-Lipschitz before this latest extension, we have that u ≤ L(k + 1 + n) ≤ L(2k + 1), so we get
and by Lemma 6.1,
where γ ′ is the geodesic in M from y ′′ to y ′′′ . Thus, similarly to before we get
It follows that that g, now fully defined, is Lipschitz on each piece c([0, 1])∩R + ×[0, k] with Lipschitz function bounded by Ck for some C > 0. Since f is close to g, it is coarsely homotopic to it. We now define a map λ from c([0, 1]) to c([0, 1]) to rescale g to be uniformly Lipschitz. For each k > 0, define S k = c([0, 1]) ∩ R + × [k − 1, k] and let L k be a Lipschitz constant for g restricted to S k ; we may assume that the L k are increasing. Define M k = L k L 1 and define a bijective monotone map κ ∶ [0, ∞) → [0, ∞) so that each [k, k + 1] is mapped linearly to an interval of size max(1, 1 M k ).
Defining λ(x, t) = (x κ(t), κ(t)), one can check that g ○ λ is now Lipschitz on the whole of c([0, 1]). Also, λ is coarse because M k ≤ Ck and it is coarsely homotopic to the identity map on c([0, 1]) by the obvious linear homotopy, which gives that g ○ λ is coarsely homotopic to g as required.
Lemma 6.5. Let M be a complete simply connected Riemannian manifold of non-positive sectional curvature, and let π 2 ∶ OM → R be projection onto the second coordinate. Then any coarse map h ∶ c([0, 1]) → OM is coarsely homotopic to the maph(x, t) = (p, π 2 (h(x, t))). Moreover, we can choose H so that π 2 ○ H is coarse whenever π 2 ○ h is coarse.
The first term is bounded by d(y, y ′ ) ≤ 2L √ t by Lemma 6.2. Assume without loss of generality that u ≤ u ′ . Then the second term is bounded above by (using the Mean Value theorem again),
which is bounded since q ○ h ′ is coarse. We have thus shown that H ′ is coarse. The last part of the statement follows from the fact that H ′ is constant in s. (1) any two ρ-coarse R + -basepoints are ρ-coarsely homotopic.
(2) for any ρ-coarse R + -basepoint b in OM , π coarse 1,ρ (OM , b) is trivial.
Proof. If we consider b as a constant homotopy c([0, 1)] →M , then the proof of Lemma 6.5 shows that it is ρ-coarsely homotopic to a map whose image is contained in p × [1, ∞) ⊆ OM . Clearly any two coarse maps whose image is contained in p × [1, ∞) ⊆ OM are ρ-coarsely homotopic by a linear homotopy, so we obtain that any two ρ-coarse R + -basepoints are ρ-coarsely homotopic as required, which shows (1).
To show (2), note that (1) means that π coarse 1,ρ (OM , b) does not depend on the ρ-coarse R + -basepoint b up to isomorphism, with the isomorphism given by conjugation just as in the topological pathconnected case. Choosing b to be the map (x, t) ↦ (p, t), Lemma 6.5 shows that any ρ-coarse homotopy c([0, 1]) → OM from b to b is coarsely homotopic to the constant homotopy on b, which gives the required result. Lemma 6.7. Let M be a Riemannian manifold and let G be a group acting on M properly discontinuously and cocompactly by isometries. Then the induced action of G on OM is uniformly coarsely discontinuous.
Proof. Since G acts properly discontinuously by isometries, there is a global C > 0 so that d(x, g⋅x) ≥ C for all x and all g ∈ G ∖ {e}. Let R > 0 and let g ∈ G ∖ {e}. We claim that for any (x, t) ∈ OM with t > R + R C, the distance between (x, t) and (g ⋅ x, t) is at least R. Indeed, suppose the distance is less than R. If γ is a length-minimizing unit speed geodesic from (x, t) to (g ⋅ x, t), then it must be contained in OM ∩ M × [R C, ∞) since it has length at most R. But then the length of γ is at least R C ⋅ d(x, g ⋅ x) ≥ R as required. Since the action is cocompact, OM ∩ M × [0, R C + R] is contained in ∪ g∈G g(K) for some compact K, which proves the lemma.
We are now ready to state the main result of this section. Proof. Consider the map ρ ∶ OM → OM induced by the covering map from the universal cover M . Since the metric on OM is lifted from OM , OM is isometric to the quotient of OM by the action of π 1 (M ) induced by the action of π 1 (M ) onM (with the metric given as in Example 3.2). By Lemma 6.7, the action of π 1 (M ) is uniformly coarsely discontinuous, so the result follows from Theorem 5.5 and Corollary 6.6.
